Abstract. The CDC launched the National Plan to Eliminate Syphilis from the USA in October 1999 [4] . In order to reach this goal, a good understanding of the transmission dynamics of the disease is necessary. Based on a SIRS model Breban et al. [3] provided some evidence that supports the feasibility of the plan proving that no recurring outbreaks should occur for syphilis. We study in this work a syphilis model that includes partial immunity and vaccination. This model suggests that a backward bifurcation very likely occurs for the real-life estimated epidemiological parameters for syphilis. This may explain the resurgence of syphilis after mass treatment [21] . Occurrence of backward bifurcation brings a new challenge for the plan of the CDC's -striking a balance between treatment of early infection, vaccination development and health education. Our models suggest that the development of an effective vaccine, as well as health education that leads to enhanced biological and behavioral protection against infection in high-risk populations, are among the best ways to achieve the goal of elimination of syphilis in the USA.
Introduction
Sir William Osler said "Syphilis is a great imitator." [20] In fact, it was only identified as a distinct infection from gonorrhea by Phillippe Ricord in 1838. Syphilis is a human infectious disease, transmitted almost always through sexual contact, caused by the spirochete Treponema pallidum
In this paper, we propose a new mathematical model based on the assumption that secondary and later infections confer partial immunity. We also consider two different sources of protection: inoculation and behavior. We shall refer to vaccination as biological protection to contrast it with behavioral protection resulting from changes in patterns of sexual contact. The susceptible population in the core group could, for example, adopt safe sex habits after an improvement in public health education.
At this time a vaccine for syphilis is still under development and it only confers partial immunity; however, at least one animal study has demonstrated complete protection against T. pallidum [16] . Therefore, we also include vaccination in our model as a possible tool for controlling syphilis. We also assume that partial immunity against reinfection ensures both from treatment and vaccination.
Our results suggest that the resurgence of syphilis in the last several decades could be the result of a backward bifurcation. One of the main goals of this paper is to provide a warning -a possible backward bifurcation for the transmission dynamics of syphilis-by studying three mathematical models and estimating the minimum effort necessary to avoid failure in the eradication effort.
In the next section we describe the SIRS model analyzed in [13] ; in Section 3 we introduce and analyze our new model with a single phase of infection, and in Section 4 we introduce the model with multiple stages. Finally, in Section 5, we discuss our findings and draw some conclusions.
A SIRS model of syphilis
We begin by describing the deterministic SIRS model used by Grassly et al. [13] . The population under consideration is divided into susceptible, infected, and recovered individuals within a "core group" that is very sexually active and which is believed to cause the epidemic. The immunity acquired after treatment is temporary.
Let S(t), I(t), and R(t) be the fractions of susceptible, infected, and recovered individuals in the population at time t, respectively. The model is based on the assumption of demographic equilibrium and consists of the following system of ODEs:
where β is the transmission parameter that synthesizes both the contact rate and the virulence (i.e. probability of transmission per contact), µ is per capita rate of death/birth, ν is the rate of loss of immunity, and γ is the natural recovery rate (i.e. 1/γ is the mean infectious period for untreated syphilis).
The disease-free equilibrium (DFE) for the model (2.1) is (S
represents "the expected number of secondary cases produced, in a completely susceptible population, by a typical infective individual" [5] . The disease-free equilibrium is locally asymptotically stable if the basic reproduction number is less than 1. Breban et al. lent support to the feasibility of the CDC's elimination plan by showing that no cycling occurs for this model [3] . However, mathematically speaking, eradicability of a disease depends on whether the disease-free equilibrium is globally stable or not. If a backward bifurcation occurs, the condition that the basic reproduction number is less than 1 is no longer enough to guarantee the ultimate elimination of the disease.
Following the method of Dushoff et al. [7] , a backward bifurcation occurs for a compartmental model as the basic reproduction number equals to 1 We can see that a necessary and sufficient condition for the model (2.1) to have a backward 
A new modified SIR model of syphilis
The average primary incubation period of syphilis is about 25 days; primary infection lasts some 46 days before progression to secondary infection takes place; secondary infection lasts approximately 3.6 months and leads to the latent stage [8] . In both treated and untreated syphilis, partial immunity gradually develops due to acquired immune memory and continued presence of antigens respectively [17] .
In the present paper we assume that infection with syphilis leads to partial immunity if it progresses to secondary or later stage infection. We study the epidemic using models with suboptimal immunity first proposed by Hadeler and Van den Driessche [14] . Gomes et. al. later applied these models to tuberculosis [9] and influenza [12] with an emphasis on reinfection [10, 11] .
We now introduce a simple mathematical model of syphilis with sub-optimal immunity but no stage of infection. Let σ be the factor of reduction of susceptibility for individuals in the recovered class, let v be the protection rate (both by vaccination and by safe sex activity), and let p be the fraction of primary infections going back to the susceptible pool among all infected individuals. Then the dynamics of transmission can be described by the following special case of a model in [22] :
The parameters µ, γ, and β here have the same meaning as in (2.1).
The disease-free equilibrium of the model (3.1) is
and the basic reproduction number is
The basic reproduction number R 0,2 consists of two terms, the first representing infections of susceptible individuals and the second infections of vaccinated ones. We see that R 0,2 is a decreasing function of v, and an increasing function of β and σ. The argument of Dushoff et al. [7] leads us to conclude that a backward bifurcation for the model (3.1) occurs at R 0,2 = 1 if, and only if,
(3.4) ! bifurcation occurs. If mass treatment is mainly aimed at primary infections, then p will be much higher than 0.232. In other words, it is very likely that a backward bifurcation occurs for syphilis if the protection efficacy is relatively low.
We assume that recovery from primary infection does not confer immunological protection against reinfection. This feature of immune response suggests that the treatment in earlier stages of syphilis increases the susceptible pool, thus making a backward bifurcation more likely and the eradication of the disease more difficult.
On the other hand, with mass treatment of primary syphilis such that p > (σ+µ(1+σ))/(γ(1− σ)), a backward bifurcation occurs for (3.1) if
This means that, if the protection efficacy is not improved, the broader the coverage of protection is, the more likely a backward bifurcation becomes. Note that the basic reproduction number R 0,2 is a decreasing function of v. The drawback to improving protection coverage is the same as that of treating individuals in early stages: a backward bifurcation becomes more likely. Since a backward bifurcation is likely to occur for syphilis, any strategy of elimination of syphilis should not only aim at decreasing the basic reproduction number R 0,2 below 1, but also at ensuring that the disease-free equilibrium is a global attractor. In order to achieve this for model (3.1), a necessary condition that we shall assume henceforth is
Behavioral and social factors can be interpreted in terms of epidemiological parameters in this model. Some effects can be viewed as included in v, such as the at-risk population starting to use protective measures (e.g. condom use as response to education and awareness); others can be included in σ (e.g. individuals becoming more careful in selecting sexual partners after treatment because of increased awareness, thus decreasing the probability of transmission); the same explanation applies to p since recovery from primary infection does not induce biological protection but, possibly, behavioral protection against reinfection.
A new model of syphilis with multiple stages
In order to have a better understanding of how the existence of different stages can affect control strategies, especially through the existence of backward bifurcations, it is necessary to study a more complete, albeit more complex, model that includes all stages of the disease. Just as in [8] , we shall follow the natural history of syphilis: primary infection, secondary infection, latent infection, and tertiary infection. Longer and stronger treatment is needed for later stages of syphilis.
Let S(t) denote the proportion of susceptible individuals; I 1 (t), I 2 (t) denote, respectively, the proportions of individuals with primary infection from the susceptible pool and from the partially biologically immune class, respectively; I s (t), L(t), I t (t) denote the proportions of individuals with secondary infection, latent infection, and tertiary infection, respectively; R 1 (t) denote the proportion of individuals recovered from I 1 and those from S adopting safe sex habit; finally, R 2 denote the proportion of individuals recovered from I 2 , I s , L and I t and those vaccinated in S;
We shall make the following assumptions: susceptible individuals who have contact with individuals with primary or secondary infection become infected at per capita rate β; if untreated, primary infection progresses to secondary infection at rate ϕ 1 , then it progresses to latent infection at rate ϕ 2 and, finally, goes into tertiary infection at rate ϕ 3 ; recovered individuals either become fully susceptible, with probability f , or develop partial immunity (i.e. 1-f is the fraction of treated patients in I 1 who adopt behavioral protection against reinfection). Also, we shall assume that the protective effect of vaccines is indistinguishable from that of recovery with partial immunity -thus giving a clear meaning to "biologically induced immunity."
Let v 1 be the rate at which susceptible individuals develop safe sex habits as a consequence of health care education (i.e. the rate at which they develop "behavioral immunity") and v 2 be the rate of vaccination of the susceptible population (i.e. the rate at which they develop "biological immunity"); let σ 1 be the rate of reduction of reinfection due to behavioral protection, and σ 2 due to biological protection.
The transmission dynamics of syphilis is then described by the following system of ordinary differential equations, each describing how one of the classes evolves in time,
Parameters appearing in (4.1) with the same name as in the models (2.1) and (3.1) have the same meaning as in those.
Once again we use the method of Dushoff et al. [7] , described at the end of Section 2, to find conditions for a backward bifurcation for the model (4.1). We shall provide here a detailed derivation. For convenience, we introduce some new notation:
Then, the disease-free equilibrium of (4.1) and, using the notation (4.2), the basic reproduction number (calculated as in [23] )
consisting of six terms-two each for new infections of susceptible individuals, of those with behavioral protection, and of those biologically protected by vaccination. Clearly, H introduced at the end of Section 2 has the following form: 4) where
Moreover, as introduced at the end of Section 2, here we have
and
where 
Therefore, we see from (4.5)-(4.7), that a backward bifurcation occurs for (4.1) at R 0,3 = 1 if, and only if, V If ϕ 1 = 0 and v 2 = 0, (4.9) reduces to (3.4) . It is clear that the likelihood of a backward bifurcation for (4.1) increases as f increases. We shall first investigate the occurrence of backward bifurcations in absence of vaccination; then we will turn our interest to the impact of vaccination. Some parameter values are chosen from [2] and [8] and they are listed in Table 1 .
9.045 6 0.03 8 3 0.03 Table 1 : Epidemiological parameters: β, γ, and µ taken from [2] ; ϕ 1 , ϕ 2 and ϕ 3 taken from [8] .
Let σ 2 = 0.75. We know that v 1 and σ 1 are mutually determined by each other when the basic reproduction number R 0,3 = 1. Fig. 3 shows a f -σ 1 region in which a backward bifurcation occurs at R 0,3 = 1. On the other hand, for small σ 2 (e.g. σ 2 = 0.5), we find that the pairs f -σ 1 related by (4.3) do not satisfy (4.8) nor (4.9) and, therefore, no backward bifurcation occurs. This agrees with the observation in [22] that strong immunological protection against reinfection precludes the occurrence of a backward bifurcation. Our results also indicate that the extra behavioral protection among individuals with partial immunity can prevent the occurrence of backward bifurcation. However, it may also increase the likelihood of a backward bifurcation if individuals with partial immunity do not take any measures against transmission during sex (e.g. condom use). is not yet used in clinics, it is still of interest to study the possible impact of vaccination on the dynamics of syphilis transmission in a population. Again, we use all the same parameters as in CASE 1. Fig. 4 shows that a backward bifurcation can be avoided with enough vaccination coverage, e.g. v 2 = 0.02 is almost good enough to accomplish this.
In order to eliminate syphilis in US, we need to ensure that the disease-free equilibrium is not only asymptotically stable but also a global attractor. In this section we derived a necessary and sufficient condition for a backward bifurcation when the basic reproduction number is 1, which can be helpful in guiding health care policy.
Discussion
The interim targets of the Syphilis Elimination Effort in the US launched by the CDC are to reduce rate of primary and secondary cases [3] . However, weak immune response against reinfection after treatment in the primary stage, makes a backward bifurcation very likely, invalidating the sufficiency of the classical criterion R 0 < 1 for elimination. This can be observed, for example, in a resurgence after a session of mass treatment [21] . Treatment in the primary stage increases the susceptible pool. If the control effort is not strong enough to avoid a backward bifurcation, a resurgence occurs following a dramatic decrease in prevalence when the basic reproduction number is decreased to just below 1.
With experimental vaccines only one animal experiment thus far has shown complete immunity against reinfection. An effective vaccine of syphilis is still under research, but a vaccine conferring partial immunity is available. Behavioral protection plays a very important role in containing the spread of sexual transmitted diseases. Safe sexual practices such as proper use of condoms can lower the risk of infection. Our model indicates that the intensity of the epidemic (as measured by the reproduction number) will be lower after introducing vaccination, even with a vaccine that confers only partial immunity. Moreover, introducing vaccination can also lower the likelihood of a backward bifurcation.
However, behavioral protection may actually decrease among individuals recovered from primary infection and a backward bifurcation may arise. In particular, a backward bifurcation is very likely under the current strategies. We suggest that not only behavioral protection should be enhanced to eliminate syphilis in US, but effective vaccines should be applied as soon as possible.
We focused here on the impact of behavioral and biological protection on primary infection. Relapse of secondary syphilis [1, 18] usually appears one year after primary infection. Approximately one-fourth of syphilis infections develop into secondary relapse if not treated. However, it is very unlikely that such relapse will occur in modern society if treatment of syphilis infection is efficient and cheap. A similar analysis to the one we carried out here can be performed to focus on this specific stage of infection.
